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Abstract
We classify the residual finiteness of infinite amalgamated free products of infinite cyclic groups. As a side result we also
classify residual finiteness and subgroup separability of the subgroups of (Q,+).
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A group G is called residually finite if the trivial subgroup of G is closed in the profinite topology of G. The
residual finiteness of groups has been extensively studied, mainly for finitely generated groups. A group G is called
subgroup separable if every finitely generated subgroup of G is closed in the profinite topology of G. It appears that in
general, subgroup separable groups constitute a small subset of residually finite groups. In fact, subgroup separability
is a very “rare” property of groups. For more on residual finiteness and subgroup separability the reader should consult
the work of Gitik, Long, Niblo, Rips, Wise and the references cited in these works [2,5,3,9,10] as well as the most
recent work of Long and Reid in [6] and of Alperin and Farb in [1].
In the present note, and in an attempt to generalize the results in [7] for graphs of groups with an infinite graph and
finitely generated abelian vertex groups, we consider graphs of groups with graph an infinite path and infinite cyclic
vertex groups. More specifically, we consider infinitely presented groups of the form
G = 〈a1, a2, a3, . . . | ar11 = as12 , ar22 = as23 , . . .〉
with ri , si 6= 0. Such groups are contained in the normal closure of cyclic subgroups of various HNN extensions and
amalgamated products of groups, the simplest examples being the Baumslag–Solitar groups.
Our main technique is the representation that these groups admit into the additive group of rationals which appears
to be a local monomorphism, that is a homomorphism f : G → (Q,+) which is a monomorphism when restricted to
any vertex group of G. This representation is unique in some sense and seems to reflect some of the residual properties
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of the group G. Our main theorem completely classifies G as far as residual finiteness is concerned. We also show in
the course of our proof that an important factor for G being residually finite is the height of the image of G in (Q,+),
i.e. the maximum powers of the primes in the denominators of that image.
More specifically we show the following.
Theorem 1. Let X be a path and (G, X) be a graph of groups with graph X and infinite cyclic vertex and edge groups.
Then G = pi1(G, X) is residually finite if and only if one of the following occurs:
1. the image of G in (Q,+) is of finite height;
2. G is isomorphic to a proper subgroup of (Q,+);
3. the image of G in (Q,+) is of infinite height, and for some infinite subpath p of X, the centre of pi1(G, p), say
Z p, is non-trivial and pi1(G, p)/Z p is a free product of free-by-finite groups.
The above theorem has two consequences. The first is that there are non-residually finite, infinite amalgamated
products of finite groups. This is in fact a consequence of Lemma 4. The second is that the reason that several
Baumslag–Solitar groups are not residually finite is that these groups contain a non-residually finite group of the form
G, described in Theorem 1.
Finally, as a side result of our study, we classify the subgroups of (Q,+) for subgroup separability and residual
finiteness.
2. Results
Let (G, X) be a graph of groups and G = pi1(G, X). Notice that at the moment we impose no restrictions on the
graph X . So X could well be an infinite graph. Denote by V X and EX the sets of vertices and edges of X respectively
and by Gv and Ge the corresponding vertex and edge groups of (G, X) for every v ∈ V X and e ∈ EX . Also, if
e ∈ EX then by i(e) and t (e) we denote the initial and terminal vertices of e respectively. For every normal subgroup
of finite index in G, say N , the group Nv = N ∩ Gv is a normal subgroup of finite index in Gv for every v ∈ V X .
Moreover, the collections Nv = {N ∩ Gv | N normal, finite index subgroup of G}, v ∈ V X are compatible with
the edge groups of (G, X) in the sense that the groups Ni(e) ∩ Ge are isomorphic to the groups Nt (e) ∩ Ge for every
e ∈ EX via the isomorphism induced by t (e).
Also, Gv/Nv ∼= NGv/N ≤ G/N . But G/N is a group of finite order. So there is a bound in the order of the groups
Gv/Nv .
So, if N is a finite index normal subgroup of G then we can define a graph of groups, say (GN , X) with the same
underlying graph X as before and vertex groups Gv/Nv . Hence (GN , X) is a graph of groups where all vertex groups
are finite of bounded order. Consequently, pi1(GN , X) is free-by-finite and therefore residually finite.
Let now X be an infinite path. By that we mean a graph of the form
A infinite subpath of X is an infinite path without backtracking and with initial vertex vi for some i ≥ 1.
Let (G, X) be a graph of groups with graph X and infinite cyclic vertex and edge groups and denote pi1(G, X) by
G. Let Gv = 〈av〉 for every v ∈ V X . Then a typical presentation for G is the following:
G = 〈a1, a2, a3, . . . | ar11 = as12 , ar22 = as23 , . . .〉. (1)
Choose a vertex v and embed 〈av〉 in (Q,+) by mapping av → q ∈ Q with q 6= 0. Then if Gv = 〈ai 〉 we have that
a j → ri ...r j−1qs2...s j−1 for every j > i ≥ 1 and a j →
s j−1...siq
r j−1...ri for every j < i ≤ 1. It is obvious that this embedding gives rise
to a unique homomorphism, say φ, from G to (Q,+). Let the image φ(G) be H . Notice that on choosing a different
q or a different 〈av〉 the different images of G in (Q,+) are isomorphic. Notice also that the above homomorphism is
an isomorphism when restricted to a vertex group of (G, X). We can now show the following lemma.
Lemma 1. Let G be the fundamental group of a graph of groups (G, X) with graph X a tree and infinite cyclic edge
groups that admits a representation that is a local monomorphism to a cyclic subgroup separable group R. Then G is
residually finite.
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Proof. Let φ : G → R be the representation and assume for simplicity that φ is onto (this is possible since every
subgroup of a cyclic subgroup separable group is again cyclic subgroup separable). Let N be a finite index normal
subgroup of R. Then R/N is a finite group and iN : R → R/N is the natural epimorphism that R admits onto R/N .
Hence the map θN = iN ◦ φ : G → R/N is an epimorphism and its kernel, say KN , is a normal subgroup of finite
index in G. So, for every v ∈ V X we have that KN ∩ Gv is a normal subgroup of finite index in Gv . From the
above discussion, every KN ∩Gv is compatible with the edge groups and so every KN gives rise to a graph of groups
with finite cyclic vertex and edge groups of bounded order, say (GN , X). So each one of these graphs of groups has
subgroup separable fundamental group.
Moreover, we can define epimorphisms ψN : G → pi1(GN , X). Let g ∈ G with g 6= 1. Then g, in its normal
form, can be written as g = a j1a j2 . . . a jsh, h ∈ Ge js , where for every two consecutive a jk , a jk+1 which belong to
vertex groups Gik ,Gik+1 we have a jk , a jk+1 6∈ Ge where i(e) = jk and t (e) = jk+1, or vice versa. Then, since φ is a
local monomorphism, the elements φ(a j1), φ(a j2), . . ., φ(a js ), φ(h) are non-trivial and if a jk , a jk+1 are as above then
φ(a jk ), φ(a jk+1) 6∈ φ(Ge). So, since R is cyclic subgroup separable, there is an appropriate finite index normal, proper
subgroup N of R such that θN (a j1), θN (a j2) . . . θN (a js ), θN (h) are non-trivial and moreover, for every pair a jk , a jk+1
as above, θN (a jk ), θN (a jk+1) 6∈ θN (Ge). Let KN be the kernel of θN : G → R/N for this particular N . Then, by
construction, in pi1(GN , X), the elements ψN (a j1), ψN (a j2), . . ., ψN (a js ), ψN (h) are non-trivial and for every two
consecutive a jk , a jk+1 which belong to consecutive vertex groups ψN (a jk ), ψN (a jk+1) 6∈ ψN (Ge). This implies that
ψN (g) 6= 1. But pi1(GN , X) is a free-by-finite group and so is residually finite. Hence, we can find a finite quotient of
pi1(GN , X) such that the image of g is not trivial. Hence G is residually finite. 
Notice that the above lemma generalizes to arbitrary graphs of groups (G, X) with graph X a tree, as soon as the
images of the edge groups of (G, X) through the local monomorphism are closed in the profinite topology of R.
In our case, the above lemma applies to the natural representation that G in (1) admits to (Q,+) (by mapping
a1 7→ 1, say), since certain subgroups of (Q,+) are cyclic subgroup separable.
Now let H be a proper subgroup of (Q,+). If p is a prime such that ph is the largest positive power of p appearing
as a denominator in all reduced fractions in H , we say that p is of height h, h ≥ 0. If h is finite we say that p has
finite height. If every prime p that can appear as a denominator in the reduced fractions of H has finite height we say
that H is a subgroup of finite height. Otherwise we say that H is of infinite height.
Let now G be a group and B be a normal subgroup of G. Then it is really obvious that the quotient group G/B is
residually finite if and only if the group B is closed in the profinite topology of G. Having that in mind we can now
show the following.
Lemma 2. A subgroup of (Q,+) is subgroup separable if and only if it is of finite height.
Proof. Let w ∈ Q with w 6= 0. Then (Q,+)/(Z,+) ∼= (Q,+)/(〈w〉,+). Indeed, it suffices to take the mapping
f : (Q,+)→ (Q,+) with f (q) = wq . Then f is an automorphism of (Q,+) and f ((Z,+)) = (〈w〉,+). The result
follows.
Let now M be a subgroup of (Q,+) such that M is of finite height. Let W be a finitely generated subgroup of M .
Then W is a finitely generated subgroup of (Q,+) and so is cyclic, W = 〈w〉. Hence,
M/W < (Q,+)/W ∼= (Q,+)/(Z,+) ∼=
⊕
for every prime p
C p∞ .
But since M is of finite height,
M/W ∼= C
p
k1
1
⊕ C
p
k2
2
⊕ . . .
which is residually finite since every component C
p
ki
i
is residually finite. Thus W is closed in the profinite topology
of M .
If, on the other hand, M has at least one prime p appearing in the denominators of the reduced fractions of M with
infinite height, then M/W contains a subgroup isomorphic to C p∞ for at least one prime p and so is not residually
finite, which implies that W is not closed in the profinite topology of M and so M is not subgroup separable. 
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Corollary 1. Let G be the fundamental group of a graph of groups with graph X a tree and infinite cyclic vertex
groups. If its image in (Q,+) defined by mapping any vertex generator av → q ∈ Q, q 6= 0 is of finite height, then G
is residually finite.
Proof. An immediate consequence of the above two lemmas. 
The following consequence of Lemma 2 gives a complete classification of the residual finiteness for the subgroups
of (Q,+).
Corollary 2. Every proper subgroup of (Q,+) is residually finite.
Proof. Let H be a proper subgroup of (Q,+). Then there is a prime p such that p is of finite height in H . Let h ≥ 0
be the height of p. Then the groups ph+1H, ph+2H, . . . are finite index subgroups of H . To show that, let s = h + i ,
i > 0. By scaling if necessary, we may assume that Z < H . Then
H/Z ∼= psH/psZ ∼= C ph ⊕ C ph11 ⊕ · · · ⊕ Cq∞1 ⊕ · · ·
and
H/psZ ∼= C ps+h ⊕ C ph11 ⊕ · · · ⊕ Cq∞1 ⊕ · · · .
Hence, by the third isomorphism theorem, psH has index ps in H . Moreover,⋂
n>h
pnH = {0}
and so H is residually finite. 
Lemma 3 ([8]). Let G be a group and H be a finitely generated, polycyclic-by-finite, normal subgroup of G such
that G/Hn is subgroup separable for every n ∈ N. Then G is subgroup separable.
Proof. The above lemma has been proved in [8], although it is stated there only for finitely generated groups G. But
one can easily see that the proof makes no use of that property of G so the lemma is true in the above, more general
form. 
Now assume that G is the fundamental group of a graph of groups (G, X), with X an infinite path and infinite
cyclic vertex and edge groups such that its image φ(G) in (Q,+) is of infinite height. Assume further that neither G
nor pi1(G, p) is abelian for any infinite subpath p of X and also that G has non-trivial centre Z . Notice that in this case
Z is infinite cyclic. Denote by G p = pi1(G, p) and Z p the centre of G p. Let G ′ = G/Z . Then G ′ is the fundamental
group of a graph of groups (G′, X) with vertex groups Gv/Z and edge groups Ge/Z for every v ∈ V X and e ∈ EX .
Lemma 4. Let G be as above. Then G is residually finite if and only if there is some infinite subpath p of X such that
G p/Z p is a free product of free-by-finite groups.
Proof. Let G have a presentation of the form
G = 〈a1, a2, a3, . . . | ar11 = as12 , ar22 = as23 , . . .〉.
From the hypothesis, for every infinite subpath p of X , pi1(G, p) has non-trivial centre Z p. Moreover, since neither
G nor G p is abelian for any infinite subpath p of X , Z and Z p are infinite cyclic groups.
Assume first that there is no infinite subpath p of X such that G p/Z p is the free product of free-by-finite groups.
This implies that in pi1(G′, p) there is some infinite subpath with non-trivial centre, for every infinite subpath p of X .
Hence, G/Z has an infinite sequence of finite edge groups with
〈ari1i1 〉/Z ≤ 〈a
ri2
i2
〉/Z ≤ 〈ari3i3 〉/Z ≤ . . .
for i j ∈ N. The Z extension of that sequence gives an infinite sequence of infinite edge groups of G,
〈ari1i1 〉 ≤ 〈a
ri2
i2
〉 ≤ 〈ari3i3 〉 ≤ . . .
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such that there are finitely many equalities in the above sequence. Consider the subgroup of G, say G˜ generated by
ai1 , ai2 , ai3 , . . .. By definition, G˜ is also a graph of groups with graph an infinite path p
′ and infinite cyclic vertex and
edge groups. In fact, G˜ has a presentation of the form
〈ai1 , ai2 , ai3 , . . . | ar
′
1
i1
= as′1i2 , a
r ′2
i2
= as′2i3 , . . .〉
with s′j = k jr ′j+1, k j ∈ Z for every j = 1, 2, 3, . . ., and since G is not abelian we can take r ′j+1, s′j > 1 for an
infinite number of j . Again, we can take an infinite subpath of p′ which guarantees that k j > 1 and r ′j+1, s′j > 1. For
simplicity let this subpath be p′. Then
k j = |〈ar
′
j+1
i j+1 〉 : 〈a
r ′j
i j
〉| = s
′
j
r ′j+1
,
for j = 1, 2, 3, . . .. Let ai1 map to 1 in (Q,+). Then the image of ai j in (Q,+) is
r ′1...r ′j
s′1...s′j
= r1k1k2...k j−2s′j−1 . But G˜ is of
infinite height, so an infinite number of k j are multiples of at least one prime q of infinite height. Hence, we can find a
subgroup of G˜, which is again the fundamental group of a graph of groups with graph an infinite path, infinite cyclic
vertex and edge groups and all k j are multiples of q . (Such a subgroup exists since q is of infinite height.) Without
loss of generality assume that this group is G˜. For notational simplicity let us denote a
r ′j
i j
by x j , j = 1, 2, . . .. Then let
R be the subgroup of G˜ generated by 〈x1, x2, x3, . . .〉. Then R has a presentation of the form
R = 〈x1, x2, x3, . . . | x1 = xk12 , x2 = xk23 , . . .〉
with k j = k˜ jqξ j , (k˜ j , q) = 1, ξ j > 0 for all j ∈ N.
Consequently, R is an abelian group and in fact, R can be mapped isomorphically into (Q,+), by mapping x1 → 1.
We shall identify R with its image in (Q,+). Then
R
〈x1〉 ≤
(Q,+)
Z
∼=
⊕
for every prime p
C p∞
so
R
〈x1〉
∼= Cq∞ ⊕ A1 ⊕ A2 ⊕ . . .
where Ai are isomorphic to either C pk or C p∞ for various primes p other than q. If N is a finite index subgroup of R
that contains x1 then N/〈x1〉 is of finite index in R/〈x1〉 and so it contains Cq∞ . Therefore, N contains x k˜1k˜2...k˜ j−1j for
every j ∈ N. Notice that if k˜ j = 1 for every j then N = R.
Let g = [ai1 , ar
′
2k˜1
i2
] = [ai1 , x k˜12 ] 6= 1, by the definition of G˜. Let M be a finite index normal subgroup of G˜.
Then, M contains a finite index subgroup of R so 〈x1〉M contains a finite index subgroup of R that contains x1. As
above, this implies that 〈x1〉M contains x k˜12 . Consequently, gM = [ai1 , x k˜12 ]M = [ai1M, x k˜12 M] = [ai1M, xλ1M] =
[ai1M, aλq
ξ1
i1
M] = M for some λ ∈ N and so g ∈ M for every finite index normal subgroup of M , which implies that
G˜ is not residually finite. So G is not residually finite.
Assume now that for some infinite subpath p of X , G p/Z p is a free product of free-by-finite groups. So G p/Z p is
residually finite. We shall show that G p is residually finite. This, along with the fact that pi1(G, X \ p) is free-by-finite
and that
G = pi1(G, X \ p) ∗〈a〉pi1(G, p)
where some power of a is central in G, shows (Lemma 3) that G is residually finite.
Let g ∈ G p. If g ∈ Z p then since Z p is infinite cyclic and G p/Z p is residually finite, then Z p is closed in the
profinite topology of G p. Hence, there is a finite index normal subgroup N of G p such that g 6∈ N . On the other hand,
if g 6∈ G p then gZ p is a non-trivial element of G p/Z p and since G p/Z p is residually finite there is some finite index
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normal subgroup N¯ of G p/Z p such that gZ p 6∈ N¯ . Hence, in every case, there is a finite index normal subgroup of
G p, say N , such that g 6∈ N and so G p is residually finite. 
A consequence of the above lemma is that there are infinite products of residually finite groups with finite
amalgamations that are not residually finite. As an example we give the group G/Z where
G = 〈a1〉 ∗
a21=a42
〈a2〉 ∗
a22=a83
〈a3〉 ∗
a43=a164
〈a4〉 ∗
a84=a325
〈a5〉 . . . .
This group has non-trivial centre Z = 〈a21〉 and the group G/Z has a presentation
G/Z = 〈a1 | a21 = 1〉 ∗ 〈a2 | a42 = 1〉 ∗
a22=a83
〈a3 | a163 = 1〉 ∗
a43=a164
〈a4 | a644 = 1〉 ∗
a84=a325
〈a5 | a2565 = 1〉 ∗ . . . .
So, by the above lemma, G/Z (and so G) cannot be residually finite since for all proper subpaths p of X , G p/Z p has
non-trivial centre and therefore can never be a free product of free-by-finite groups.
Corollary 3. If G has an infinite cyclic central subgroup Z then G is residually finite if and only if G/Z is residually
finite.
Proof. Assume that G is residually finite. In G, every vertex group is a maximal abelian subgroup of G and so it
satisfies a non-trivial law. Then, by a well known result (see for example Long [4]), every vertex group is closed in
the profinite topology of G. Since Z has finite index in every vertex group, Z is also closed in the profinite topology
of G and so G/Z is residually finite.
The proof of the converse is the same as that of the second part of Lemma 4. 
Lemma 5. Assume that G is the fundamental group of an infinite path with infinite cyclic vertex and edge groups and
such that every infinite subpath of G has trivial centre. If the image of G in (Q,+) is of infinite height then G is not
residually finite.
Proof. Let
〈a1, a2, a3, a4, . . . | ar11 = as12 , ar22 = as23 , ar33 = as34 , . . .〉, i , si ≥ 1, i = 1, 2, . . .
be a presentation of G. Since G has no centre then there are an infinite number of i ∈ N for which if ar jj = aλsii then
(λsi , ri+1) = di with di < ri+1 for every j < i .
Consider the subgroup of G, say G˜, such that G˜ is generated by those ai and take again the subgroup of G˜, say R,
with (r ′j+1, s′j ) = 1. Then R has a presentation of the form
R = 〈b1, b2, b3, . . . | bα11 = bβ12 , bα22 = bβ23 , . . .〉
with (αi+1, βi ) = 1 for every i = 1, 2, . . .. Notice that the above subgroup is also of infinite height, so there is at
least one prime p of infinite height in the image of R in (Q,+). This, along with the co-primality conditions on αi , βi
implies that an infinite number of βi ’s have to be multiples of p.
We shall show that R is not residually finite. Without loss of generality, assume that β1 is divisible by p; hence
β1 = γ pk . Then, we shall show that the element [b1, bγ2 ] belongs to every finite index subgroup N of R. Indeed, if
N is a normal subgroup of index x such that (x, p) = 1, then in R/N , the subgroup generated by 〈bβ12 〉 = 〈bγ2 〉
and hence [b1, bγ2 ] = 1. On the other hand, if x = ξpl with (ξ, p) = 1 then choose an appropriate j such
that β2 . . . β j = ζ pl with (ζ, p) = 1. Notice that if l is small or co-prime with the powers of p that we can
obtain, then take a multiple of x with this property. In all cases we shall have that bξp
lζ
j+1 = bxζj+1 ∈ N . But
bxζj+1 = (β
β j
j+1)µ1 = (b
β j−1
j )
µ2 = · · · = bµ j2 ∈ N with (µ j , p) = 1. So we have that b2 in some power co-
prime to p belongs to N . Hence in R/N the element bβ12 generates the same subgroup of 〈b2〉 as that of bγ2 and so the
commutator [b1, bγ2 ] = 1 in R/N . Therefore R is not residually finite and so G cannot be residually finite. 
We are now able to prove our main theorem.
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Theorem 1. Let X be a path and (G, X) be a graph of groups with graph X and infinite cyclic vertex and edge groups.
Then G = pi1(G, X) is residually finite if and only if one of the following occurs:
1. the image of G in (Q,+) is of finite height;
2. G is isomorphic to a proper subgroup of (Q,+);
3. the image of G in (Q,+) is of infinite height, and for some infinite subpath p of X, the centre of pi1(G, p), say
Z p, is non-trivial and pi1(G, p)/Z p is a free product of free-by-finite groups.
Proof. If the image of G in (Q,+) is of finite height then the result follows from Corollary 1.
Assume that for some infinite subpath p of X , pi1(G, p) is abelian. If p = X then G is isomorphic to a subgroup of
(Q,+) since G is abelian and φ : G → (Q,+) is a local monomorphism. So G is residually finite if and only if it is
isomorphic to a proper subgroup of (Q,+). If p is a proper subpath of X then G is a free product with amalgamation
of the form A1 ∗〈a〉 A2 where A2 is abelian, A1 is free-by-finite and some power of a is central in A1. Notice that here,
the group A2 is isomorphic to a subgroup of (Q,+) with infinite height since A2 is abelian and φ : A2 → (Q,+) is a
local monomorphism. Hence, the group G = A1 ∗〈a〉 A2 has infinite cyclic centre, say Z , and
G/Z = A1/Z ∗〈a〉/Z A2/Z .
But A2/Z is not residually finite (it contains a C p∞ for at least one prime p). Therefore, by Corollary 3, G is not
residually finite.
Assume now that G is of infinite height and there is no subpath p of X such that pi1(G, p) is abelian. If no infinite
subpath of G has non-trivial centre then G is not residually finite by Lemma 5. If on the other hand X has some
infinite subpath p, such that pi1(G, p) has non-trivial centre, then G is a free product of the form A1 ∗〈a〉 pi1(G, p)
where A1 is a free-by-finite group and some power of a is central in both A1 and pi1(G, p). So, in view of Lemma 3
and Corollary 3, G is residually finite if and only if pi1(G, p) is. Hence, G has non-trivial infinite cyclic centre Z . In
that case we have the hypotheses of Lemma 4. 
Acknowledgement
We would like to thank the anonymous referee for helping us to improve our exposition and for providing an
elegant proof for Corollary 2.
References
[1] R. Alperin, B. Farb, Separability of solvable subgroups in linear groups (preprint).
[2] R. Gitik, Graphs and separability properties of groups, J. Algebra 188 (1997) 125–143.
[3] R. Gitik, E. Rips, On separability properties of groups, Internat. J. Algebra Comput. 5 (1995) 703–717.
[4] D.D. Long, Immersions and embeddings of totally geodesic surfaces, Bull. London Math. Soc. 19 (1987) 481–484.
[5] D.D. Long, G.A. Niblo, Subgroup separability and 3-manifold groups, Math. Z. 207 (1991) 209–215.
[6] D.D. Long, A.W. Reid, Subgroup separability and virtual retractions of groups (preprint).
[7] V. Metaftsis, E. Raptis, Subgroup separability of graphs of groups, Proc. Amer. Math. Soc. 132 (2004) 1873–1884.
[8] V. Metaftsis, E. Raptis, Subgroup separability of graphs of groups, J. Group Theory 7 (2004) 265–273.
[9] G. Niblo, D. Wise, Subgroup separability, knot groups and graph manifolds, Proc. Amer. Math. Soc. 129 (2001) 685–693.
[10] D.T. Wise, Subgroup separability of graphs of free groups with cyclic edge groups, Quart. J. Math. 51 (2000) 107–129.
